The orbital-dependent correlation energy functional resulting from second order Kohn-Sham perturbation theory leads to atomic correlation potentials with correct shell structure and asymptotic behavior. The absolute magnitude of the exact correlation potential, however, is greatly overestimated. In addition, this functional is variationally instable, which shows up for systems with nearly degenerate highest occupied and lowest unoccupied levels like Be. In this contribution we examine the simplest resummation of the Kohn-Sham perturbation series which has the potential to resolve both the inaccuracy and the instability problem of the second order expression. This resummation includes only the hole-hole terms of the Epstein-Nesbet series of diagrams, which has the advantage that the resulting functional is computationally as efficient as the pure second order expression. The hole-hole Epstein-Nesbet functional is tested for a number of atoms and ions. It is found to reproduce correlation and ground state energies with an accuracy comparable to that of state-of-the-art generalized gradient approximations. The correlation potential, on the other hand, is dramatically improved compared to that obtained from generalized gradient approximations. The same applies to all quantities directly related to the potential, as, for instance, Kohn-Sham eigenvalues and excitation energies. Most importantly, however, the hole-hole Epstein-Nesbet functional turned out to be variationally stable for all neutral as well as all singly and doubly ionized atoms considered so far, including the case of Be.
I. INTRODUCTION
Kohn-Sham density functional theory [1] [2] [3] ͑KS-DFT͒ is currently undergoing a major transition. During the last decade it has become clear that the deficiencies of its present working horse, the generalized gradient approximation ͑GGA͒, 4 cannot be addressed by further refinement of this type of functional, which only depends on the local spin densities and their first and second gradients. This is true, in particular, for the incomplete cancellation of the selfinteraction energy, 5 but also for the GGA's difficulties with long-range dispersion forces. The former problem is resolved in a systematic fashion by the use of the exact exchange of DFT, i.e., the Fock expression formulated in terms of the KS single-particle orbitals. 6, 7 This functional extends the conventional GGA form in two directions. Being a functional of the KS orbitals, it incorporates much more detailed information on the electronic structure in an explicit form, similar to the KS kinetic energy. At the same time, it is fully nonlocal, i.e., the exact exchange energy density depends on the structure of the orbitals throughout all of space ͑and not just on their form in the immediate neighborhood of a single point͒. Still, the exact exchange is a proper density functional, as the KS orbitals are unique functionals of the ground state density. In view of the merits of this implicit density functional and its first-principles origin, the KS orbitals have been identified as the most promising set of basic variables for the next generation of exchange-correlation ͑xc͒ energy functionals E xc . Within this framework of orbital-dependent DFT it remains to find a suitable orbital-dependent representation of the correlation functional. In order to match the exact exchange this correlation functional should be fully nonlocal and have a first-principles background. Such functionals naturally emerge from the application of standard manybody methods as soon as the KS single-particle Hamiltonian Ĥ s is used as noninteracting reference Hamiltonian. [8] [9] [10] [11] [12] [13] In fact, the first order term resulting from a straightforward perturbation expansion with respect to the difference between the full Hamiltonian and Ĥ s is nothing but the exact exchange of DFT. All higher order terms of the expansion thus constitute the correlation energy E c .
The simplest correlation contribution, the second order term, consists of two components. The first, dominating component has the same functional form as the second order Møller-Plesset ͑MP2͒ energy, with the Hartree-Fock ͑HF͒ orbitals and eigenvalues replaced by their KS counterparts. The second term accounts for the difference between the reference Hamiltonians ͑KS versus HF͒ and turned out to be a minor correction. 10, 11 We will therefore neglect this ͑negative definite͒ second component in the following and focus on the MP2-type expression E c MP2 . This prototype first-principles correlation functional has been extensively studied for both atoms and molecules.promise and disappointment. On the one hand, E c MP2 correctly accounts for the dispersion interaction 14, 15 and the corresponding correlation potential v c MP2 correctly reproduces the atomic shell structure and the asymptotic behavior of the exact atomic correlation potential. 19 On the other hand, both the energies and the potentials resulting from E c MP2 significantly overestimate the corresponding exact reference data in those cases in which the latter are available for comparison. 10, 19 What is more, E c MP2 is found to be variationally instable for systems with a small gap between highest occupied molecular orbital-lowest unoccupied molecular orbital ͑HOMO-LUMO͒ gap 19, 20 ͑as, for instance, the beryllium atom͒ and fails to describe chemical bonding in such elementary molecules as the nitrogen dimer. 11 It is obvious that the MP2 functional in its original form is not suitable as a universally applicable correlation functional for use with the exact exchange.
The failure of the MP2 functional emphasizes the importance of higher order correlation contributions. However, a "brute-force" inclusion of higher order terms, following the standard routes of wave-function-based quantum chemistry, is, while possible in principle, obviously not desirable within the framework of DFT. In view of the resulting computational cost such a DFT method would be restricted to the same limited range of applicability. One is thus led to search for less costly solutions to the instability and inaccuracy problem of E c MP2 . One way to introduce higher order contributions in a numerically feasible way is to redefine the reference Hamiltonian used for the perturbation expansion, which is equivalent to summing up certain types of perturbation terms to infinite order. Following this line, Bartlett et al. obtained much improved results. 12, 21 In this work, an alternative, simple extension of the MP2 functional is put forward, which ͑i͒ resolves the problem of variational instability for many practical purposes, ͑ii͒ does not introduce additional computational cost, and ͑iii͒ turns out to correct the overestimation of correlation effects by the pure MP2 expression for all systems considered so far. Its form is inspired by the fact that the variational instability originates from the correlation-driven degeneracy of HOMO and LUMO KS levels, which lets the MP2 denominator shrink to zero. 19 This problem asks for the inclusion of a nonvanishing correction in the MP2 denominator, which reminds one of the Epstein-Nesbet ͑EN͒ expression for the correlation energy. Within DFT, EN-type corrections are obtained in a systematic fashion by a partial resummation of selected ladder-type Feynman diagrams of the KS perturbation series. The resulting shift in the MP2 denominator is negative definite if only hole-hole interactions are included, thus enlarging the absolute value of the MP2 eigenvalue denominator-even in the case of degenerate HOMO and LUMO states the hole-hole EN ͑HHEN͒ denominator remains nonzero. At the same time, all HHEN matrix elements are numerically available from the calculation of the exact exchange. Thus the most pragmatic and computationally cheapest way to cure the variational instability of the MP2 functional is to include exactly the HHEN corrections. Of course, it is not clear a priori whether this particular partial resummation also leads to a quantitative improvement over the MP2 approximation in those cases in which the latter can be applied. However, extensive tests for atoms and ions demonstrate that the HHEN expression represents clear progress also in this respect. This paper is organized as follows. In the next section, the HHEN functional is introduced, followed by an explicit specification for spherical systems. In Sec. III, an extensive comparison of this functional with different conventional correlation functionals and its MP2 limit is reported. Section IV summarizes the results. Throughout this paper atomic units is used.
A preliminary report on part of this work, introducing the HHEN functional in an ad hoc fashion and presenting only few results, has been published in a recent conference proceedings volume. 22 In the present paper all details of the underlying theoretical formalism are given, including alternative resummations of the KS perturbation series. In addition, a much more extensive numerical investigation of the HHEN and related functionals is presented, in particular, addressing their variational properties.
II. THEORY

A. Kohn-Sham perturbation theory
Many-body theory on the basis of the KS system relies on the decomposition of the total Hamiltonian Ĥ into the KS Hamiltonian Ĥ s and a perturbation,
where n represents the density operator, v s is the exact KS potential, v ext abbreviates the external potential, and Ŵ denotes the electron-electron interaction. The KS potential consists of three contributions,
with n being the exact KS density,
constructed from the KS single-particle orbitals,
͑8͒
Throughout the paper i , j ,... are used to denote occupied ͑hole͒ KS states, a , b ,... for unoccupied ͑particle͒ states, and p , q ,... for the general case.
Starting from ͑1͒, the exact xc energy can be expressed in terms of the KS single-particle orbitals and eigenenergies by application of the coupling-constant integration technique to the perturbation Ĥ 1 , 10,14
Here E x is the exact exchange of DFT,
with ͑ij ʈ ji͒ abbreviating the KS Slater integral,
͉⌽ 0 ͘ is the ground state of the N-particle KS system, 10 To second order in Ĥ 1 one ends up with the energy depicted in Fig. 1 . The first of the diagrams in Fig. 1 directly translates into a MP2-type expression,
where ͗ij ʈ ab͘ abbreviates the antisymmetrized two-electron integral,
The second diagram in Fig. 1 accounts for the fact that the present perturbation expansion is not based on the HF Hamiltonian, but rather on the KS Hamiltonian. In HF-based many-body perturbation theory the contributions of the single-particle operator in Ĥ 1 are exactly canceled by a class of contractions of the two-particle operator in Ĥ 1 . The same is no longer true in Kohn-Sham perturbation theory ͑KSPT͒. Nevertheless, it is convenient to combine the appropriate contractions of Ŵ with the one-particle contribution and use the result as an effective one-particle operator ͑see Fig. 2͒ . The matrix elements of this operator are given by
where
In view of Eq. ͑15͒ it is obvious that, as they stand, the two contributions to Fig. 1 are not yet fully consistent. While E c MP2 is of second order in e 2 , the right hand diagram contains higher order terms due to the dependence of ⌬ pq HF on v c . Thus, in order to be consistent in the order of e 2 , these higher order terms have to be dropped, which leads to
The results ͑13͒ and ͑17͒ agree with those obtained by an equivalent second order expansion of the adiabatic connection formula for E c .
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The merits and deficiencies of E c MP2 and E c ⌬HF have been extensively studied. 10, 14, 15, [17] [18] [19] [20] It was found that E c MP2 is
Diagrammatic representation of second order correlation energy in KS-based perturbation theory. Brandow convention ͑Ref. 42͒ is used. Wiggly lines represent the antisymmetrized two-electron integrals ͑14͒; the external perturbation is defined in Fig. 2 . Summation over a , b , i , j is implied.
FIG. 2. Diagrammatic representation of ⌬
HF
, Eq. ͑15͒. The first term on the right hand side is the lowest order potential originating from the Coulomb interaction in Ĥ 1 , including the exchange term ͑Brandow convention is used͒. The second term represents the one-particle contribution in Ĥ 1 , i.e., v ext ͑r͒ − v s ͑r͒. The combination of these two terms serves as an effective one-body interaction, which vanishes in HF-based perturbation theory, but is finite in KS-based perturbation theory. , Eq. ͑18͒, in which only the diagonal elements of the hole-hole ladder diagrams are resummed to infinite order. Further inclusion of the corresponding particle-particle and hole-particle ladder diagrams leads to the full Epstein-Nesbet correlation energy E c EN , Eq. ͑19͒.
typically two orders of magnitudes larger than E c ⌬HF . For that reason E c ⌬HF will be ignored in the following. It has also become clear that higher order correlation contributions are required to resolve the most pressing deficiencies of E c MP2 , its variational instability, and its drastic overestimation of correlation effects. However, in view of the origin of the instability, the correlation-driven breakdown of the HOMO-LUMO gap, 19 it is at least unclear whether a third order expansion ͑or any other finite order͒ will be sufficient to overcome this problem. In addition, the consistent inclusion of third order terms would substantially complicate corresponding KS calculations.
B. Partial resummation in KSPT
This suggests to resort to a ͑highly selective͒ partial resummation of the perturbation series. Ideally, this resummation should not introduce any additional computational effort, while ensuring a finite HOMO-LUMO gap. In standard many-body perturbation theory two types of resummations are known which comply at least with the first of these requirements. 24, 25 The first of these partial resummations is the EN series of ladder diagrams, illustrated in Fig. 3 . If one restricts the resummation to the diagonal elements of the ladder diagrams, a simple MP2-type expression emerges, with an additional shift in the denominator. The result is particularly simple if only hole-hole contractions are included,
E c HHEN will be called the hole-hole Epstein-Nesbet ͑HHEN͒ correlation functional in the following. The complete ͑second order͒ Epstein-Nesbet energy is obtained as soon as the corresponding particle-particle and particle-hole ladder diagrams are also taken into account,
with
A second well-established resummation scheme addresses single-particle operators, as the effective potential ͑15͒. Resummation of the diagonal elements, as indicated in Fig. 4 , results in a denominator shift ⌬ ii HF + ⌬ jj HF − ⌬ aa HF − ⌬ bb HF , so that the KS eigenenergies in the denominator of Eq. ͑13͒ are replaced by corresponding diagonal Fock-type matrix elements,
Finally, one can combine both classes of diagrams allowing for the resummation to end up with 23, 24 E c
The occurrence of f pp and/or ͗pq͉͉pq͘ in Eqs. ͑19͒, ͑21͒, and ͑23͒ substantially complicates the application of these functionals, compared to that of E c MP2 . On the one hand, the dependence on either f aa or ͗ab͉͉ab͘ drastically increases the number of matrix elements which have to be evaluated. On the other hand, even the dependence on f ii represents a prob- 184108-4lem, as becomes clear as soon as the corresponding correlation potential is considered: v c has to be calculated by the so-called optimized potential method ͑OPM͒, 25 whose basic ingredients are the functional derivatives of E c with respect to p and p . These derivatives are rather easily evaluated for ͗pq͉͉pq͘, but much more involved for f pp , for which the functional derivatives of v x with respect to p and p are required. While the technique for handling the latter problem is known, 9, 11 its actual numerical realization is quite demanding. Consequently, only the simplest EN-type functional, Eq. ͑18͒, is as easily applied as E c MP2 -the additional shift in the energy denominator of ͑18͒, ͗ij͉͉ij͘, is evaluated anyway.
The motivation for considering the resummation schemes ͑18͒, ͑19͒, ͑21͒, and ͑23͒ solely comes from their practicability. However, the mere resummation of a particular class of diagrams does by no means imply that the resulting correlation energy represents an improvement over the pure MP2 term. 23, 24 In fact, partial resummation can even lead to unphysical results, as explicitly demonstrated in Sec. III. The usefulness of a particular resummation thus needs to be verified by successful application to a wide variety of systems. In the present work this investigation is started by considering closed-subshell atoms.
C. Formulation for spherical systems
The expression ͑18͒ is very similar to the MP2 correlation energy, except for the state-dependent shift of the denominator. One can thus easily specialize the HHEN expression to the case of spherical systems, for which each KS orbital can be factorized as
with n, l, m, and representing the principle, angular, magnetic, and spin quantum numbers, respectively, and Y lm denoting a spherical harmonic. For spherical systems, the angular component of the orbitals can be treated analytically, so that the resulting energy is a functional of the radial wave functions only. In the case of the EN-type energies, however, a technical difficulty arises. Due to the fact that the denominator shift ͗ij͉͉ij͘ depends on the magnetic quantum numbers m i and m j , a straightforward analytical summation over m i and m j is no longer possible. This difficulty is closely related to a wellknown deficiency of the EN expression. The EN correlation energy is not invariant under unitary transformation of degenerate orbitals. 24 In order to circumvent this problem, we use symmetry-averaged ͑SA͒ two-electron integrals in the denominator,
which is equivalent to restricting the basic EN expression to symmetry-adapted excitations. Using Wigner's 3j symbol, Eq. ͑25͒ reads explicitly
Here R L pqst denotes the radial Slater integral,
with r Ͻ ϵ min͑r , rЈ͒ and r Ͼ ϵ max͑r , rЈ͒. Using the symmetry-averaged denominator shift, the HHEN correlation energy for spherical systems, with spin taken into account explicitly, is given by
where the summation over ijab has to be understood as a summation over the corresponding n and l quantum numbers. 
D. Numerical approach
In the case of orbital-dependent functionals the associated potential has to be calculated via the OPM. 25 The application of the OPM to MP2-type functionals turned out to be more intricate than in the case of the exact exchange, 16, 18, 27 the difficulties originating from the presence of continuum states in the MP2 functional. This problem can be resolved by employing a cavity approach, 19 in which hard-wall boundary conditions are imposed at a very large but finite radius around the atoms, thus suppressing true continuum states. As demonstrated in Ref. 19 , this scheme does not only work in principle, but also provides a practical tool to apply the OPM to MP2-type functionals in a numerically exact way. The cavity approach is also utilized in the present work. The reader is referred to Ref. 19 for all details. Here we restrict ourselves to summarizing the basic ingredients of the approach. ͑1͒ The radial KS equations are solved via the Numerov method on a mixed logarithmic and linear grid, with hard-wall boundary conditions imposed at a large radius R max . ͑2͒ The kernel of the OPM equation, the static KS response function, is constructed in a numerically exact fashion by using the second, non-normalizable solution of the KS equation for a given eigenvalue. ͑3͒ The inhomogeneity of the OPM equation is consistently calculated by summation over all unoccupied states ͑wherever required͒. ͑4͒ The OPM equation on the radial grid is solved by a standard linear algebra solver. ͑5͒ The numerical output of this solver, which is contaminated by numerical noise in the semiasymptotic region and truncated at R max , is cleaned and extended to r = ϱ by fitting the appropriate asymptotic decay to the numerical solution.
The crucial parameters of this approach are the cavity radius R max together with the number of shells n max and maximum angular momentum l max numerically included in sums over all unoccupied states. Quite generally, the number of shells required to achieve a given accuracy depends on the degree of localization of the occupied KS orbitals present in E c MP2 . In all-electron calculations the degree of localization is determined by the 1s orbital. With increasing Z the 1s state becomes more and more localized, requiring a corresponding increase of n max . One finds empirically that the energy max of the highest virtual shell required to achieve a fixed accuracy is linearly proportional to ͉ 1s ͉, which essentially scales as the square of Z. For all atoms and ions considered in this paper l max = 6 has been used. R max and n max have been chosen so that the relative error in the correlation energy is less than 1%.
III. RESULTS AND DISCUSSIONS
In order to establish the quality of the HHEN functional, we have carried out self-consistent calculations for a number of atoms, including all spherical ͑closed-shell or half-filled open shell͒ atoms or ions from He to Ar ͑referred to as H2A series in the following͒, the helium isoelectronic series from He to Ca 18+ ͑He series͒, the neon isoelectronic series from Ne to Ni 18+ ͑Ne series͒, and the argon isoelectronic series from Ar to Ni 10+ ͑Ar series͒. 28 For all these atoms, highly accurate reference data for the ground state energy and ionization potential are available for comparison. In addition, the exact correlation potentials of He, Be, and Ne are known from accurate quantum Monte Carlo results, 29 allowing for a microscopic comparison between various approximate xc functionals.
As such two classes of functionals will be considered. The first-principles orbital-dependent E c , i.e., Eqs. ͑13͒ ͑MP2͒, ͑21͒ ͑MP2 * ͒, ͑19͒ ͑EN͒, ͑23͒ ͑EN * ͒, and ͑18͒ ͑HHEN͒, will always be combined with the exact exchange ͑F͒. These combinations will be denoted as FMP2, etc. As a second class, three conventional xc functionals are included, i.e., the local density approximation ͑LDA͒, 30 BLYP ͑Refs. 31 and 32͒ ͑"best" semiempirical GGA functional͒, and PBE ͑Ref. 33͒ ͑best first-principles GGA͒.
A. Correlation energy
The performance of the partially resummed correlation functionals for the H2A series is shown in Table I . In order to allow for an unambiguous comparison, the densities and orbitals obtained from self-consistent calculations with only the exact exchange ͑referred to as x-only calculations in the following͒ have been used to evaluate the numbers of Table  I . The resulting E c are compared to exact quantum chemical correlation energies, obtained by combination of experimental ionization energies ͑corrected for relativistic and recoil effects͒ with highly accurate variational calculations for twoand three-electron systems. 34 While the quantum chemical E c are not identical with the DFT correlation energies, the differences are quite small, 35 thus allowing the use of the quantum chemical values as reference data. 
B. Correlation potential and self-consistent stability
The main motivation for introducing the EN-type correction is to cure the variational instability of the MP2 expression, which manifests itself for the Be atom. The Be atom thus represents the natural starting point for an analysis of the variational stability of resummed functionals as HHEN. It turns out that self-consistency can be easily achieved with the HHEN expression. Figure 5͑a͒ shows the resulting correlation potential in comparison with the exact v c ͑Ref. 29͒ as well as with the v c HHEN and v c MP2 obtained from the exact KS densities. Two observations are obvious: ͑i͒ the HHEN potential is much closer to the exact v c than the perturbative result for v c MP2 ; ͑ii͒ the self-consistent v c HHEN is almost identical to the corresponding perturbative result, reflecting the stability of the HHEN potential with respect to changes of the KS orbitals. Both features are also observed for Ne, as shown in Fig. 5͑b͒ .
For all neutral, singly, and doubly ionized atoms considered so far the HHEN expression was found to be variationally stable. However, the HHEN resummation does not ensure variational stability under all circumstances. In the case of the Be isoelectronic series the breakdown reappears for Si 10+ . The mechanism responsible is the same as observed for the MP2 functional in the case of neutral Be. 19 After a certain number of iterations the 2p eigenenergy dives into the occupied spectrum and finally becomes so much lower than the 2s eigenvalue that the eigenvalue difference dominates over the HHEN correction. For this mechanism to work, however, the 2s-2p gap must be rather small already without the inclusion of correlation. The relevant quantity is the ratio between the gap and the absolute values of the eigenenergies. This ratio shrinks with increasing Z, until for Si 10+ it finally becomes sufficiently small, so that v c can contract the 2p state so much that the gap breaks down.
Apparently, one would expect that this instability is also present for highly charged ions of the Mg-isoelectronic series. Extensive numerical calculations showed, however, that both the MP2 and the HHEN functionals are variationally stable for this isoelectronic series even for Z as high as 100 ͑Fm 88+ ͒. The difference between Be-and Mg-isoelectronic series can be traced to their different shell structures. Although in both cases one has an s-p HOMO-LUMO structure, the Mg series includes a p core state that has the same symmetry as the LUMO. This core state provides an additional "core repulsion" against the LUMO, preventing the radial contraction of the LUMO and the resulting energetic lowering. 36 This picture is confirmed by an investigation of the stability of the Ar-isoelectronic series. In this case the HOMO-LUMO structure is of 3p-3d type, so that the core repulsion effect is absent. Indeed one finds that for Fm 82+ ͑Z = 100͒ the MP2 functional is instable. The HHEN functional, one the other hand, remains stable even for this highly charged ion. The near degeneracy of HOMO and LUMO levels for highly charged ions of the Be-isoelectronic series is well known to represent a challenge for most single-determinant based many-body approaches, which is best demonstrated by the failure of conventional single-reference many-body perturbation theory and coupled-cluster methods to describe the dissociation of covalent bonds. In order to overcome these problems in the framework of DFT with orbital-dependent xc functionals, generalized KS perturbation theory based on either multireference KS states or ensembles is required. Nevertheless, the HHEN correction substantially extends the range of applicability of the MP2 expression, so that E c HHEN is an obvious candidate for resolving the instability problem for many practical purposes.
C. Self-consistent total ground state energies Table II lists the total energies of the H2A series obtained by self-consistent calculations with different xc functionals. The results are compared to the corresponding exact data. 34 As reported in Ref. 19 , the FMP2 functional gives ground state energies whose accuracy lies somewhere between the first-principles PBE-GGA and the semiempirical BLYP-GGA. The FHHEN functional significantly improves over the FMP2 approximation, so that the resulting total energies are slightly more accurate than the BLYP results.
In Fig. 6 , the errors of ground state energies obtained with different xc functionals for the He, Ne, and Ar series are plotted as a function of Z. In all three cases, the PBE functional consistently underestimates the magnitude of ground state energies, with the error increasing almost linearly with Z. The BLYP functional is significantly more accurate than PBE. Nevertheless, it shows the same linear increase of the error with Z. As is well known, both the LDA and GGA are not able to describe the saturation of E c with increasing nuclear charge. 37, 38 In contrast, the FMP2 and FHHEN functionals systematically approach the exact E c with increasing Z, the FHHEN results consistently being more accurate. As a result, the error in the total energy obtained from the FMP2 and FHHEN functionals decreases as a function of Z.
D. Ionization potential
As is well known, state-of-the-art GGA functionals give quite accurate ground state energies, but much less accurate xc potentials. In practice, the ionization potential ͑IP͒ is therefore usually calculated as total energy difference, rather than from the HOMO eigenvalue, to which, on the exact level, the IP is identical. 39 The difference between the exact IP and the HOMO eigenvalue therefore provides a simple quantitative measure of the quality of an approximate xc potential. Table III provides the IPs of the H2A series obtained with different xc functionals. The main outcome is that the combination of the exact exchange with MP2 correlation does not improve over the x-only results, while the FHHEN potential corrects more than 50% of the errors in the x-only IPs. This reflects the fact that the HHEN potential overestimates the amplitude of the outermost shell oscillation in the exact v c much less than the MP2 potential ͑cf. Fig. 5͒ .
The last column of calculated from the orbital-dependent functionals are much more accurate than the LDA or GGA results. In the limit of large Z the errors resulting from the FMP2 and FHHEN functionals vanish.
E. KS excitation energy
In order to examine the HHEN correlation potential further, KS excitation energies are studied, defined as the difference between the eigenvalues of occupied and unoccupied KS states. These eigenvalue differences can be regarded as the zeroth order contribution to the true excitation energies 40 and enter directly in time-dependent DFT calculations of excited states. 41 Tables IV and V list the KS excitation energies of Be and Ne resulting from self-consistent calculations with different xc functionals. Only orbital-dependent functionals are considered at this point, since LDA and GGA potentials fail to reproduce the Rydberg states. One observes that ͑1͒ all functionals based on the exact exchange accurately reproduce the HOMO-LUMO gap, the error being one order of magnitude smaller than that found for other excitations; ͑2͒ inclusion of the HHEN correction into the MP2 expression leads to more accurate excitation energies than obtained by x-only calculations ͑which is not true for the pure MP2 potential͒.
Moreover, as in the case of the HOMO energy itself, the KS excitation energies resulting from perturbative inclusion of the HHEN potential ͑based on exact x-only orbitals͒ are again very close to the fully self-consistent results.
IV. CONCLUSIONS
In this paper, an orbital-dependent correlation functional based on the Epstein-Nesbet resummation of the perturbation series is introduced and applied to atomic systems. By retaining only the hole-hole contribution to the second order Epstein-Nesbet correlation energy, a functional ͑HHEN͒ is obtained whose structure is very close to that of the MP2 expression. The only difference is an additional sign-definite shift in the energy denominator, which promises an improved behavior in the case of nearly degenerate HOMO-LUMO states. As this shift is determined by Coulomb matrix elements of the occupied states only, the HHEN functional is computationally as efficient as its MP2 basis.
The HHEN functional has been tested extensively for a variety of atoms and ions. The main findings are the following. ͑1͒ When combined with the exact exchange, the HHEN functional gives correlation and total ground state energies with an accuracy comparable to that found for state-of-theart GGAs. ͑2͒ The HHEN correlation potentials are much more accurate than those resulting from the pure MP2 approximation or from GGAs. In fact, the differences between the HHEN and the exact correlation potential are smaller than those between the exact v c and zero ͑which is not the case for the MP2 approximation͒. ͑3͒ As a result, the HHEN potential undergoes only minor changes during selfconsistent iteration-in contrast to the MP2 potential, which can even induce a variational breakdown in cases of neardegeneracy, like the Be atom. In fact, the HHEN functional turned out to be variationally stable for all neutral atoms as well as for all singly and doubly ionized ions considered up to now. The insensitivity of the HHEN potential to the states used for its evaluation has important practical implications. Since the computational cost of the evaluation of the HHEN potential is much higher than that for calculating GGA potentials, the insensitivity suggests a perturbative implementation based on x-only solutions, which makes HHEN calculations feasible even for large molecular systems. The results of Sec. III demonstrate the accuracy of this perturbative approach.
The success of the HHEN functional for atomic systems makes it a promising candidate for a generally applicable correlation functional to be used in combination with the exact exchange. Its performance for molecules, however, remains to be investigated.
Moreover, the self-consistent implementation of the HHEN functional fails for the highly charged ions of the Be-isoelectronic series beyond Al 9+ , due to a reordering of the HOMO and LUMO levels in the course of the selfconsistent iteration. One would expect similar difficulties for molecular systems with nearly degenerate HOMO-LUMO states. In quantum chemistry, a sound description of such systems usually requires multireference techniques. There can be little doubt that analogous developments are necessary for a completely general formulation of orbitaldependent exchange-correlation functionals within DFT. FIG. 7 . ͑Color online͒ Absolute percentage errors of the HOMO eigenvalues of the He-, Ne-, and Ar-isoelectronic series with respect to "exact" values ͑Refs. 34 and 43͒: FHHEN ͑triangle down͒ vs x only ͑cross͒, BLYP ͑circles͒, and FMP2 ͑triangle up͒ data. Results from LDA and PBE are essentially identical to those of BLYP and are therefore not shown in the plot. In the Ar series, the error as a function of Z looks quite random, in contrast to that in He and Ne series, which is probably due to the numerical uncertainty in the estimated exact values͑Ref. 34͒. 
